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Boltzmann scaling of spontaneous Hall current and nonequilibrium spin-polarization
Cong Xiao, Bangguo Xiong, Fei Xue
Department of Physics, The University of Texas at Austin, Austin, Texas 78712, USA
We extend the semiclassical Boltzmann formalism for the anomalous Hall effect (AHE) in non-
degenerate multiband electron systems to the spin Hall effect (SHE) and unconventional Edelstein
effect (UEE, cannot be accounted for by the conventional Boltzmann equation, unlike the conven-
tional Edelstein effect). This extension is confirmed by extending the Kohn-Luttinger density-matrix
transport theory in the weak disorder-potential regime. By performing Kubo linear response cal-
culations in a prototypical multiband model, the Boltzmann scaling for the AHE/SHE and UEE
is found to be practically valid only if the disorder-broadening of bands is quite smaller than the
minimal intrinsic energy-scale around the Fermi level. Discussions on this criterion in various multi-
band systems are also presented. A qualitative phase diagram is proposed to show the influences of
changing independently the impurity density and strength of disorder potential on the AHE/SHE
and UEE.
I. INTRODUCTION
Disorder effects on nonequilibrium properties of Bloch
electrons is a basic issue in condensed matter physics.
Many of them can be discussed within the relaxation time
approximation of the conventional semiclassical Boltz-
mann equation [1]. However, some transport phenomena
related to the spin-orbit coupling, such as the spin Hall
effect (SHE) and anomalous Hall effect (AHE) [2, 3], con-
tain intriguing disorder-induced effects that cannot be
treated by the conventional Boltzmann equation [2–4].
Another spin-orbit-induced nonequilibrium phenomenon
is the Edelstein effect – nonequilibrium spin-polarization
driven by external electric fields [5]. The conventional
Edelstein effect is described by the conventional Boltz-
mann equation [6]. While the unconventional Edelstein
effect (UEE), in which a nonequilibrium spin-polarization
arises in the direction perpendicular to that in the con-
ventional Edelstein effect [7, 8], is related to aforemen-
tioned intriguing disorder effects [9]. In the presence of
exchange coupling to a local magnetization, the conven-
tional and unconventional Edelstein effects give rise to
the fieldlike and dampinglike spin-orbit torques on the
magnetization, respectively [3, 9].
Those intriguing effects due to static disorder, includ-
ing the skew scattering [4], side-jump [4, 9–12] and scat-
tering off pairs of impurities [12, 13], have been incorpo-
rated into the generalized semiclassical Boltzmann for-
malism by semiclassical or semi-phenomenological argu-
ments. For the AHE, the generalized Boltzmann formal-
ism formulated in the weak disorder-potential regime has
its root in the Kohn-Luttinger density-matrix transport
approach to electrical conductivities [4, 11, 14, 15]. How-
ever, in the case of the SHE and UEE, such a necessary
identification is still absent. In the present paper it will
be provided by extending the Kohn-Luttinger approach
to the SHE and UEE [16].
The Boltzmann formalism yields the Boltzmann scal-
ing [15]
α = csk +
(
cin + cAQ
)
ρyy (1)
in the presence of one type of static disorder. Here α can
represent the anomalous Hall ratio (σxy/σyy, σxy is the
Hall conductivity, σyy is the longitudinal conductivity),
spin Hall ratio (σsxy/σyy, σ
s
xy is the spin Hall conductiv-
ity) and the UEE-efficiency per current (e.g., χyy/σyy,
χyy is the UEE response coefficient). ρyy stands for the
longitudinal resistivity and ρyy ≫ ρxy is assumed. cin
comes from the intrinsic contribution, whereas csk and
cAQ come from the skew scattering and anomalous quan-
tum (called side-jump in Refs. [2, 3]) contributions, re-
spectively. These nomenclatures are explained in Sec.
III. A well-defined scaling relation exists only if the scal-
ing parameters remain constant as the scaling variables
change. In the Boltzmann framework csk, cin and cAQ
remain constant when the impurity density is changed.
Thus the so tuned ρyy plays the role of a scaling variable,
and c’s scaling parameters. The multivariable Boltzmann
scaling for the AHE in the presence of more than one type
of disorder has also been proposed [17] via an approach
equivalent to the Boltzmann formalism [9, 13, 18]. The
Boltzmann scaling (1) and its multivariable generaliza-
tion have played the central role in understanding mea-
surements and analyzing numerical results in the field of
AHE/SHE [17, 19–22].
However, theoretically the regime of validity of Boltz-
mann scaling remains unclear. This is the second topic
in the present paper. The Boltzmann formalism is in-
tuitively anticipated to work well only if the disorder-
broadening ~/τ of bands is quite smaller than the mini-
mal intrinsic energy scale ∆ of the band structure around
the Fermi level. ∆ is usually the minimal interband split-
ting around the Fermi level and depends on the position
of the latter. Although some previous researches on the
intrinsic AHE/SHE support this idea [24–26], some other
work suggest that the Boltzmann scaling is valid up to
~/τ . ǫF [27, 28] or ~/τ . 0.1ǫF [29]. This situation has
caused confusion in understanding experimental results
[30]. Focusing on the case of short-range weak disorder-
potential (DV0 . 0.1 in practice, D is the typical density
of states around the Fermi level, V0 is the Fourier compo-
nent of the disorder potential V (r) at zero wavevector),
we find that the Boltzmann scaling is practically or ap-
2proximately valid if ~
τ
< ∆
π
, i.e.,
(
~
∆τ
)2
< 0.1. This
is obtained in a prototypical multiple conduction-band
model and found to be applicable in various other sys-
tems. Moreover, a qualitative phase diagram is proposed
to show the influences of changing independently the im-
purity density and the strength of disorder potential on
the AHE/SHE and UEE.
The present paper is organized as follows. The Boltz-
mann formulations are outlined in Sec. II, whereas the
regime of validity of the Boltzmann scaling for AHE/SHE
and UEE is analyzed in Sec. III. Section V summarizes
the paper. Appendices A and B include necessary discus-
sions on the semiclassical Boltzmann formalism, whereas
some calculation details are given in Appendix C.
II. KOHN-LUTTINGER DERIVATION OF THE
BOLTZMANN TRANSPORT
In the Boltzmann formalism of linear response, the av-
erage value of an observable A (quantum mechanically,
Hermitian operator Aˆ) in the presence of a dc weak uni-
form electric field E is given by A =
∑
l flAl, with the
index l denoting the carrier state. In the present paper we
consider non-degenerate multiband carrier systems. The
semiclassical distribution function fl is governed by the
generalized semiclassical Boltzmann equation [4, 14, 15]
in nonequilibrium steady-states in the presence of elastic
carrier-impurity scattering. Al can be written as [9, 16]
Al = A
0
l + δ
inAl + δ
sjAl. (2)
with δinAl = −~eE·
∑
l′ 6=l 2Im〈ul|vˆ|ul′〉δkk′Al′l/d
2
ll′ and
δsjAl =
∑
l′,l′′ 6=l′
〈Vll′Vl′′l〉Al′l′′
d−ll′d
+
ll′′
+2Re
∑
l′ 6=l,l′′
〈Vl′l′′Vl′′l〉All′
d+ll′d
+
ll′′
.
(3)
Here |l〉 = |k〉|ul〉 is the Bloch state, l = (η,k) with η
the band index and k the momentum. 〈..〉 represents
the average over disorder configurations, dll′ ≡ ǫl − ǫl′ ,
d±ll′ ≡ dll′ ± i~s with s→ 0
+. In the case of Aˆ = vˆ, δinvl
and δsjvl coincide with the Berry-curvature anomalous
velocity [4] and the side-jump velocity [9], respectively.
Both of them have microscopic derivations [15]. While,
in other cases δinAl and δ
sjAl were only added into the
Boltzmann formalism semi-phenomenologically [9].
In the present paper we give the microscopic deriva-
tion to Eq. (2) in the case of Aˆ other than vˆ. Because
this justification is obtained by resorting to the Kohn-
Luttinger density-matrix approach [14], we provide it in
Appendix A in order not to introduce too many nota-
tions in the main text. From that derivation one can
see that, Eq. (2) accounts for the off-diagonal response
of the out-of-equilibrium single-particle density-matrix in
the band-eigenstate representation [31].
III. REGIME OF VALIDITY OF BOLTZMANN
SCALING
A. Two-conduction-band model calculation
We consider the 2D Hamiltonian
Hˆ0 =
~
2k2
2m
+ αRσˆ · (k× zˆ)− ǫI σˆz, (4)
where m is the effective mass of conduction electron,
k = k (cosφ, sinφ) the 2D wavevector, σˆ =
(
σˆx, σˆy, σˆz
)
are the Pauli matrices for electron spin. In different
qualitative realizations of this Hamiltonian, αR > 0 and
ǫI > 0 have different physical interpretations. In ul-
trathin ferromagnets embedded between two asymmet-
ric interfaces [32], αR is the Rashba spin-orbit cou-
pling coefficient, ǫI is the exchange coupling. In gated
transition-metal dichalcogenides [8, 33, 34], αR describes
the Rashba coupling due to the gating field, ǫI refers to
the Ising spin-orbit coupling arising from in-plane mirror
symmetry breaking, and the Ising term takes opposite
values (±) in opposite valleys. More importantly, this
Hamiltonian serves as a minimal model for multiband
systems with multiple-Fermi-surfaces and avoided band-
anticrossing point [2]. In this case ǫI plays the role of the
spin-orbit coupling that lifts the accidental degeneracy
of band dispersions with the velocity αR/~ [27, 28]. Al-
though this special 2D model breaks both the inversion
and time reversal symmetries, some generic qualitative
insights can still be acquired, which apply to various fer-
romagnetic [2, 27, 28, 35] and nonmagnetic [36] materials
possessing multiple-Fermi-surfaces.
For any energy ǫ > ǫI there are two iso-energy rings
corresponding to the two subbands η = ±: k2η (ǫ) =
2m
~2
(
ǫ− η∆η (ǫ)
)
where ǫR = m
(
αR
~
)2
and ∆η (ǫ) =√
ǫ2I + ǫ
2
R + 2ǫRǫ−ηǫR. We focus on the case where both
subbands are partially occupied in our analytic treat-
ment, whereas the regime ǫF < ǫI will also be addressed
later (Sec. III. B). The qualitative insights obtained in
the former case can also be applied to the latter one.
Randomly distributed identical δ-scatterers are assumed.
For the simplest assumption of scalar disorder, the patho-
logical properties of model (4) in the case of both sub-
bands partially occupied, e.g., the vanishing AHE/SHE
and UEE irrespective of the impurity density under the
noncrossing approximation in the case of weak disorder
potential [2, 3, 9, 23], make it inconvenient to extract
general insights. Fortunately, one can get around this in-
convenience by just assuming another type of short-range
disorder Vˆ = V0σˆz . Although such a kind of disorder has
its root in realistic considerations as detailed in Refs.
[9, 37, 38], we just regard it as an approach that gets
around the pathological properties of the Rashba model
and makes the model a prototypical one from which gen-
eral qualitative insights can be extracted. In the following
we will focus on the UEE in this model, whereas the con-
siderations on the AHE and SHE are completely similar.
3We will only focus on the aspects of the model that can
be meaningful for general multiband systems.
1. Boltzmann calculation
In model (4), due to the UEE there is a nonequilibrium
spin density (δS)|| parallel to the driving electric field.
The Boltzmann theory yields (δS)‖ = δ
inS+δAQS+δskS.
Here δinS is the intrinsic contribution, δAQS is termed
the anomalous quantum contribution which arises from
disorder but turns out to be independent of the impu-
rity density, δskS is the skew scattering contribution in-
versely proportional to the impurity density. The anoma-
lous/spin Hall current within the Boltzmann framework
can also be parsed in the same way. Two necessary notes
on the Boltzmann calculation are in order.
First, in the weak disorder-potential regime δskS is
dominated by the contribution from o
(
V 3
)
non-Gaussian
disorder correlation
〈
V 3
〉
c
∼ nimV
3
0 . Here nim is the im-
purity density, 〈..〉c is the connected part of disorder cor-
relation. The transport time of the o
(
V 3
)
skew scatter-
ing is of scaleDV0τ (Appendix C). The higher-order skew
scattering is usually negligible compared to the o
(
V 3
)
one in the weak disorder-potential regime, because, e.g.,
the transport time of the o
(
V 4
)
skew scattering [39–41]
is of scale (DV0)
2
τ ≪ DV0τ (Appendix C).
Second, the effect of scattering off pairs of impurities
enters into δAQS via both the noncrossing-diagram and
crossing-diagram parts of ωll′ in o
(
V 4
)
(ωll′ is the semi-
classical scattering rate [4, 9], see Appendix B). We only
address the noncrossing-diagram part in the concrete cal-
culation. For the purpose of this paper, the quantitative
difference due to the inclusion of the crossing part [42] is
unimportant.
Concrete calculations of δSy = χyyEy have been pre-
sented in Appendix C and Ref. [23]. Here we write down
the UEE efficiency α = χyy/σyy in a form
α = −eαRD0
[
1
e2ǫF
π~2
mV0
~2
fUEEsk (C1, 0)
fL (C1, 0)
+fin+AQ (C1, D2, 0)ρyy
]
, (5)
which is convenient to be compared with the correspond-
ing result Eq. (6) obtained in the Kubo-Streda formula.
Here D0 =
m
2π~2 , and other notations are described in the
next subsection. What is important is that fUEEsk (C1, 0),
fL (C1, 0) and fin+AQ (C1, D2, 0) are all independent of
both the impurity density and disorder potential. Thus
when tuning ρyy via changing the impurity density, Eq.
(5) is just the Boltzmann scaling (1).
2. Kubo calculation
The linear response to a dc uniform electric field in the
single-particle picture with static disorder can be found
by the Kubo-Streda formula [43]. In the weak disorder-
potential regime not far away from the weak disorder-
potential limit, one can apply the standard ladder ap-
proximation and consider the conventional Mercedes star
diagrams for the o
(
V 3
)
skew scattering [44], leading to
χyy = χ
b
yy+χ
l
yy+χ
sk
yy at the zero-temperature limit with
χbyy = −eαRD0τiI2,
χlyy = −eαRD0fin+AQ
(
I1, τiI2, I
2
2
)
,
χskyy = −eαRD0τ
mV0
~2
fUEEsk
(
I1, I
2
2
)
,
and σyy =
e2
π~
ǫF τ
~
fL
(
I1, I
2
2
)
. χbyy is the bubble con-
tribution, χlyy = χ
b
yy + χ
ver
yy with χ
ver
yy the ladder ver-
tex correction, χskyy is the skew scattering contribution,
χyy = χ
sk
yy + χ
l
yy. The so-called Fermi sea term [43] χ
II
yy
equals zero in the present case [23]. Thus the UEE effi-
ciency reads
α = −eαRD0
[
1
e2ǫF
π~2
mV0
~2
fUEEsk
(
I1, I
2
2
)
fL
(
I1, I22
)
+fin+AQ
(
I1, τiI2, I
2
2
)
ρyy
]
. (6)
The f ’s depend on disorder via their arguments. The
expressions of f ’s are given in Appendix C, with
I1 =
∑
η

sin2 θη + 1 + cos2 θη
1 +
(
2∆η (ǫF )
τ
~
)2

 Dη (ǫF )
4D0
,
I2 = −i
τ
~
∑
η
ǫI
1 +
(
2∆η (ǫF )
τ
~
)2 Dη (ǫF )D0 . (7)
Here cos θη =
ǫI
∆η(ǫF )
, sin θη =
αRkη(ǫF )
∆η(ǫF )
. The results for
Hall conductivities are also presented in Appendix C.
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FIG. 1. Behaviors of I1 and I2 as ~/τ increases.
I1,2 depend on the parameter 2∆η (ǫF )
τ
~
which mea-
sures the competition between the intrinsic energy scales
and the disorder-broadening of bands around the Fermi
level. When 2∆η (ǫF ) > ~/τ , the topology of Fermi sur-
faces remains unchanged and the multiband structure
around the Fermi level survives, so the Boltzmann the-
ory is applicable. However, when 2∆η (ǫF ) < ~/τ , the
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FIG. 2. The crossover behavior of UEE for repulsive disorder
potential. ~/τ is varied by tuning the impurity density nim.
intrinsic multiband structure around the Fermi level col-
lapses owing to the large disorder-broadening. This case
cannot be described by the Boltzmann theory. More ac-
curately, we take
(
~
2∆η(ǫF )τ
)2
6 0.1, i.e., ~
τ
6
2∆η(ǫF )
π
,
as the practical criterion for the validity of Boltzmann
theory. Because ∆+ < ∆−, 2∆+ is the minimal intrinsic
energy scale around the Fermi level. Thus the criterion
can be refined to be ~
τ
6
2∆+(ǫF )
π
.
As shown in Fig. 1, I1 is quite robust against increas-
ing ~/τ and I2 ≪ I1 when ~/τ is smaller than ∆+ (ǫF ).
When ~/τ ≪ ∆+ (ǫF ) Eq. (7) yields I1 = C1 +D1
(
~
τ
)2
and I2 = D2
~
τ
. Here C1, D1 and D2 are disorder-
independent quantities. Thus χbyy ∼ τiI2 is nearly con-
stant when ~/τ . 2∆+
π
, and
(
cin + cAQ
)
∝ fin+AQ
(
I1, τiI2, I
2
2
)
≃ fin+AQ (C1, D2, 0) ,
where fin+AQ (C1, D2, 0) just corresponds to the Boltz-
mann value of
(
cin + cAQ
)
. Thus the scaling parameter
cin + cAQ is well-defined up to ~/τ .
2∆+
π
. For the skew
scattering,
csk ∝
mV0
~2
fUEEsk
(
I1, I
2
2
)
fL
(
I1, I22
) ≃ mV0
~2
fUEEsk (C1, 0)
fL (C1, 0)
is also expected to be insensitive to the increasing impu-
rity density when ~/τ . 2∆+
π
, since the corresponding
Boltzmann value is just mV0
~2
fUEEsk (C1,0)
fL(C1,0)
.
The definitions of the intrinsic, anomalous quantum
and skew scattering contributions are introduced in the
last subsubsection in the Boltzmann framework. Given
that the Boltzmann scaling holds practically in the
regime ~/τ . 2∆+
π
, above definitions of these contribu-
tions also remain valid in practice in this regime. There-
fore, in the case of finite but weak disorder potential,
the Boltzmann scaling can be valid even if the impurity
density is not dilute in experiments. When the impurity
density increases further so that ~/τ > 2∆+
π
, apparent
nim-dependence of
(
cin + cAQ
)
is anticipated as in Fig.
2(d), thus the Boltzmann scaling no longer work well. In
this case the conventional definitions [2, 3] of the intrin-
sic, anomalous quantum and skew scattering contribu-
tions, which are in fact born in the Boltzmann regime,
are no longer suitable. All these points can be read out
from Fig. 4.
B. General ideas based on model (4)
1. Multiple intrinsic energy scales near the Fermi
level
In complicated multiband systems there exist multi-
ple intrinsic energy scales around the Fermi level, e.g.,
2∆+ (ǫF ) and 2∆− (ǫF ) in the case of both subbands par-
tially occupied in model (4). The behaviors of csk, cin
and cAQ are predominantly dictated by the smallest in-
trinsic energy scale 2∆+. As a specific example, one can
assume 2∆+ ≪ 2∆−, then I2 and the τ -dependent part
of I1 are dictated by 2∆+τ/~. This understanding ac-
counts well for the numerical finding in the intrinsic AHE
of a multi-d-orbital tight-binding model [24]. In Ref. [24]
the minimal intrinsic energy scale around the Fermi level
is about ∆ = 0.417 Ry (1 Ry = 13.6 eV), thus the Boltz-
mann scaling for the intrinsic contribution is anticipated
to be valid up to γ = ~2τ ≃
∆
2π = 0.066 Ry according to
our arguments. This is in exact agreement with the nu-
merical results presented in Ref. [24]. In the transition
5k
ϵ
ϵF
+ -
(a)
k
ϵ
+ -
ϵF
(b)
FIG. 3. Some cases of the Fermi-level position in model (4)
addressed in the qualitative discussions in Sec. III. B.
metal Pt it was found that [26] the minimal interband
splitting around the Fermi level is ∆ = 0.035 Ry, thus
the constant behavior of the intrinsic spin Hall conduc-
tivity is anticipated to be valid up to γ ≃ ∆2π = 5.5×10
−3
Ry, in exact agreement with the tight-binding numerical
results presented in Ref. [26].
The position of Fermi level dictates which intrin-
sic energy scales are relevant to determining the nim-
dependence of csk, cin and cAQ. In model (4), if ǫI ≪ ǫR
and the Fermi level is located within the narrow band-
anticrossing region, the energy size 2ǫI of this region is
the dominant intrinsic energy scale and thus cin is ex-
pected to be τ -independent when ~/τ . 2ǫI
π
. This is in
good agreement with the numerical results shown in Ref.
[28] (ǫI = 0.1 ≪ ǫR ≃ 1.8), although in that paper the
constant-cin regime was claimed to be ~/τ . ǫF .
If ǫI > ǫR and the Fermi level is located well below
the bottom of the upper subband in model (4), as the
case of Fig. 3(a), 2ǫI < 2∆− is the minimal interband
splitting. The salient feature in this case is that the in-
trinsic energy scale controlling interband-coherence re-
sponses is larger than the Fermi energy (here measured
from the bottom of the lower subband). Therefore, even
when σyy (roughly proportional to
2ǫF τ
~
) is not large, the
Boltzmann scaling for the AHE/SHE or UEE may still
be valid. This is the case of hole-doped MoS2 monolayer
[45] with typical carrier density ∼ 1013 cm−2, where the
hole Fermi energy is smaller than the interband splitting
around the Fermi level. Assuming the Drude formula,
in 3D σyy &
e2
2π~a
πǫF
ǫI
in the Boltzmann regime, with a
the lattice constant. Typically e
2
2π~a = 10
3 Ω−1 cm−1,
thus the minimal conductivity of the Boltzmann regime
is about 3 × 103 Ω−1 cm−1 or smaller, if ǫF < ǫI . This
understanding provides a possible route for explaining
the success of the multivariable Boltzmann scaling for
AHEs in Co40Fe40B20 thin films which were worried to
be located out of the Boltzmann regime because of the
smaller conductivity σyy < 10
4 Ω−1cm−1 [30]. In the
recently proposed spin-type valley Hall effect in gated
MoTe2 described approximately by model (4), the most
pronounced signals are obtained in the very case of Fig.
3(a) with 2ǫI = 34 meV [34]. The typical value of
~
τ
≃ 6
meV [8] is located in the Boltzmann regime ~/τ . 2ǫI
π
,
thus the Boltzmann calculation in Ref. [34] is reliable.
A more subtle case occurs if other new intrinsic en-
ergy scales exist only slightly away from the Fermi level.
This case occurs also in model (4), as shown in Fig. 3(b):
the band-anticrossing region is located slightly away from
the Fermi level. When the Fermi surface is smeared by
increasing disorder, the dominant intrinsic energy scale
changes from 2∆+ to 2ǫI . The change of the dominant in-
trinsic energy scale may induce complicated behaviors of
the AHE/SHE and UEE that need case by case analysis,
because the magnitude of these effects may be different
for different dominant intrinsic energy scales. In the case
of Fig. 3(b), because the intrinsic Hall current takes the
largest value in the narrow band-anticrossing region, it is
expected to increase first as the band-anticrossing region
is involved when increasing disorder. After reaching a
maximum value the Hall current begins to decrease as the
disorder density increases further, because the multiband
structure around the Fermi level finally collapses. This
observation accounts for the non-monotonic behavior of
the intrinsic SHE with respect to increasing γ suggested
by tight-binding calculations in transition metal Ta [26].
Thermal smearing of Fermi surface has similar influences
if the dominant intrinsic energy scale is very small (< 26
meV). Shitade et al. [46] once showed the non-monotonic
intrinsic anomalous Hall conductivity with respect to in-
creasing temperatures in the 2D massive Dirac model.
2. Multiple extrinsic energy scales
As we have mentioned, there are other extrinsic energy
scales than ~
τ
in the case of weak disorder potential, such
as ~
τsk
∼ ~
τD|V0|
. One can roughly estimate that the
crossover between the skew scattering and intrinsic-plus-
anomalous-quantum (in + AQ) regimes occurs at ~
τsk
∼
∆. In the very narrow (ǫI ≪ ǫR) resonant window of
model (4), the skew-scattering-to-intrinsic crossover was
estimated [28] to occur at ~
τ
∼ 2m|V0|
~2
ǫI ≃ 2πD |V0| ǫI ,
consistent with our idea. However, out of the resonant
region, we do not find a general and rigorous theoretical
criterion for the crossover. From Fig. 2, one can see that
the naively expected criterion ~
τ
∼ 2πD |V0|∆+ is only
qualitatively useful, and it is likely that other intrinsic
energy scales also affects the crossover.
The o
(
V 4
)
skew scattering is linked to the extrinsic
energy scale ~
τ(DV0)
2 and thus is expected to decay sig-
nificantly at ~
τ
∼ (DV0)
2∆. Thus the o
(
V 4
)
skew scat-
tering is much smaller in magnitude and decays much
faster than the o
(
V 3
)
one in the case of weak disorder
potential. Although it is much larger than the in + AQ
contribution in the limit of dilute impurities, it is, mean-
while, overwhelmed by the o
(
V 3
)
skew scattering. Thus
we neglect the o
(
V 4
)
skew scattering.
In this paper we only consider zero-range static im-
purities, for which the transport time and quantum life-
time of electrons are not much different. This makes the
qualitative analysis of the time scale of skew scattering
reliable. If the charged impurities dominate, especially
6ℏ/τΔπ
ℏτ2πDV0Δ2
0. 0.1
0
50
100
150
DV0
2
π
n
im
D
Δ
in
+
AQ in + AQ, but beyond
Boltzmann
sk
FIG. 4. A qualitative phase diagram for the AHE/SHE and
UEE in the presence of static impurities in the weak disorder-
potential regime. The localization effect is not included in our
research. The Boltzmann scaling works well in the regime be-
low the green curve, and the skew scattering (sk) dominates in
the regime below the red dashed curve. In the brown regime,
the intrinsic-plus-anomalous-quantum (in + AQ) contribution
still dominates, but cannot be well described by the semiclas-
sical Boltzmann formalism. Here we assume V0 > 0.
in 2D high-mobility semiconductor heterojunctions, the
ratio of the transport time and lifetime can be very large
[47]. In this case one should be cautious when making
qualitative conclusions about the skew scattering [48].
C. Qualitative phase diagram
In the last subsection we have discussed the possible
rich behaviors in the Boltzmann regime. Now we assume
the simplest case where only one dominant intrinsic en-
ergy scale ∆ is present around the Fermi level and other
intrinsic energy scales exist far away. We adopt the qual-
itative criterion [28] ~
τ
≃ 2πDV0
∆
2 for the crossover from
the skew scattering regime to the in + AQ regime. Then
we give the phase diagram in Fig. 4 for the AHE/SHE
and UEE in the case of weak disorder potential.
Figure 4 reveals that, in analyzing disorder effects on
the AHE/SHE and UEE, the conventional discussion
based only on the dichotomy between the weak scatter-
ing and strong scattering limits is not complete. More-
over, the usually used term “weak disorder regime” is
not clearly defined. Instead, the strength of the disor-
der potential and the impurity density should be consid-
ered independently. And thus one should distinguish the
“weak disorder-potential regime” and “dilute impurity
regime”. In the present paper we have focused on the
weak disorder-potential regime, whereas we comment on
the dilute-impurity and strong disorder-potential case in
the last paragraph of this section. The x-axis label of of
Fig. 4 measures the strength of the disorder potential,
whereas the y-axis label measures the impurity density.
The sk-to-in + AQ crossover is represented qualitatively
by the red dashed curve, whereas the green curve is the
boundary of the Boltzmann and non-Boltzmann regimes.
We expect that this qualitative phase diagram provides
a necessary clarification of the way of thinking about dis-
order effects on the AHE/SHE and UEE.
There is a regime where the Boltzmann scaling holds
and the in + AQ contribution dominates, thus the con-
stant behavior of
(
cin + cAQ
)
with varying nim is possible
in experiments. Larger D |V0| shrinks the range of nim
in which the constant behavior of
(
cin + cAQ
)
may exist.
In order to address the regime ~
τ
> ∆
π
, one may try
to employ the equivalence cin = χ
b
yy + χ
II
yy, cAQ = χ
ver
yy
and csk = χ
sk
yyρyy in the Boltzmann regime to “continue”
cin, cAQ and csk out of the Boltzmann regime, similar to
the analytical continuation in complex analysis. Along
this route, according to Eq. (6) one can view χbyy + χ
II
yy,
χveryy and χ
sk
yy as the intrinsic, anomalous quantum and
skew scattering contributions, respectively, when ~
τ
> ∆
π
in the weak disorder-potential regime [49]. This “contin-
uation” has already been widely employed in discussing
the intrinsic AHE/SHE, e.g., in Refs. [24–26, 40]. In the
weak disorder-potential regime the continuation for the
anomalous quantum and skew scattering contributions is
also feasible. As shown in Fig. 2(d), when ~
τ
&
2∆+
π
(2∆+ = ∆), even if the in + AQ contribution dominates
χyy, one cannot observe the well-defined Boltzmann scal-
ing or τ -independent
(
cin + cAQ
)
. This situation is repre-
sented by the regime above the green curve in Fig. 4 and
most relevant in the case of very small ∆ [27, 28, 40, 46]
or very high impurity density [20].
In the case of DV0 & 0.1 in Fig. 4, the skew scat-
tering always dominates over the in + AQ contribu-
tion in the Boltzmann regime. When nim
D∆ increases
into the non-Boltzmann regime ~/τ > ∆
π
, the in + AQ
contribution gradually dominates over the skew scatter-
ing, but meanwhile the semiclassical Boltzmann formal-
ism already breaks down and one cannot observe nim-
independent constant
(
cin + cAQ
)
.
Before ending this section, we mention that Luttinger
and Kohn also designed a transport formalism in the di-
lute impurity limit without limiting the strength of disor-
der potential, based on a impurity-density expansion [50].
The Boltzmann equation for free electrons (ǫk =
~
2k2
2m )
was produced, from which the nonequilibrium distribu-
tion function of leading order o
(
n−1im
)
and sub-leading
order o
(
n0im
)
can be obtained [50]. Thus it is antici-
pated that when the impurity density is low but finite,
the Boltzmann formalism is still valid if the disorder po-
tential is not too strong. This is consistent with the trend
of our qualitative phase diagram in the larger-DV0 part in
Fig. 4. Accordingly we speculate that the rich transport
physics, such as the crossover from the skew scattering to
in + AQ regime, in the case of strong disorder-potential
mainly occurs out of the Boltzmann regime. Neverthe-
less, a comprehensive picture for the anomalous quantum
contribution in the Boltzmann formalism in the strong
disorder-potential and dilute impurity case is still absent.
This issue calls for more future attention.
7IV. SUMMARY
In summary, we have extended the semiclassical Boltz-
mann formalism for the AHE to SHE and UEE, and
confirmed this semiclassical formalism by extending the
Kohn-Luttinger density-matrix transport approach in
the weak disorder-potential regime to the linear response
of spin current and spin density. Then we investigated
the regime of validity of the Boltzmann scaling for the
AHE/SHE and UEE, by performing Kubo linear re-
sponse calculations in a simple but prototypical multi-
band independent-carrier (electron or hole) model. It
is found that the Boltzmann scaling is practically valid
provided that the disorder-broadening of bands is quite
smaller than the minimal intrinsic energy-scale around
the Fermi level. We also illustrated that the qualita-
tive insights acquired in the prototypical model system
indeed account for the behaviors of the AHE/SHE in
various realistic systems. Moreover, we proposed a qual-
itative phase diagram showing the influences of changing
independently the impurity density and the strength of
disorder potential on the AHE/SHE and UEE.
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Appendix A: Justification of Eq. (2)
We only address the part of the Kohn-Luttinger
density-matrix approach that is necessary for confirm-
ing our Eq. (2). The original Kohn-Luttinger approach
deals with the response of electric current to the external
electric field. Here we just extend it to other observables
such as spin current and spin density. This extension
only concerns the response of off-diagonal elements of
the single-particle density matrix to the external weak
dc uniform electric field.
1. Preliminaries: Kohn-Luttinger single-particle
formulation and linear response
We introduce the notation A˜ to mean the represen-
tation of operator Aˆ in the second-quantized formalism.
For a single-carrier operator, i.e., Aˆ =
∑
i Aˆi where Aˆi
depends only on the dynamical variables of the i-th car-
rier, one has A˜ =
∑
nn′ Ann′a
†
nan′ where Ann′ are the
matrix elements in the n representation of single-carrier
space, a†n (an) is the creation (annihilation) operator on
the single-carrier eigenstate |n〉. The expectation value
of Aˆ is given by 〈A〉 = Tr
(
ρ˜T A˜
)
, where Tr denotes
the trace operation in the occupation-number space, and
the many-particle density matrix ρ˜T in the occupation-
number representation is governed by the quantum Liou-
ville equation i~ ∂
∂t
ρ˜T =
[
H˜T , ρ˜T
]
.
The expectation value of a single-carrier operator Aˆ
can be expressed in terms of Aˆ and a single-carrier oper-
ator ρˆT :
〈A〉 =
∑
nn′
Ann′ (ρˆT )n′n = tr
[
AˆρˆT
]
,
(ρˆT )n′n ≡ Tr
(
ρ˜Ta
†
nan′
)
. (A1)
Here tr denotes the trace operation in the single-carrier
Hilbert space. Kohn-Luttinger noticed that [14], when
the total Hamiltonian is also a single-carrier operator
H˜T =
∑
mm′
(
HˆT
)
mm′
a†mam′ , the equation of motion
for (ρˆT )n′n reads (Schroedinger picture) i~
∂
∂t
(ρˆT )n′n =[
HˆT , ρˆT
]
n′n
. The n representation in the single-carrier
Hilbert space is arbitrary thus
i~
∂
∂t
ρˆT =
[
HˆT , ρˆT
]
(A2)
with the operators acting on the single-carrier space.
ρˆT satisfies (ρˆT )nn = 〈Nn〉 ≥ 0 and trρˆT = Nc with
Nn = a
†
nan and N˜ =
∑
nNn. Although normalized
to the carrier number Nc instead of 1, ρˆT is often re-
ferred to as the single-particle density matrix, the diag-
onal elements of which represent the average occupation
numbers of single-particle eigenstates rather than occu-
pation probability. This character implies that ρˆT can be
regarded as a quantum-statistical generalization of the
single-particle density function described by the classical
Boltzmann equation, and thus the equation of motion
for ρˆT may reduce to a Boltzmann-type transport equa-
tion for diagonal elements of ρˆT . This idea motivates
one to split the quantum Liouville equation in the band-
eigenstate representation into diagonal and off-diagonal
parts in the following.
The single-carrier Hamiltonian reads HˆT = Hˆ0+ Hˆ
′+
HˆF , where Hˆ0 is the single-particle free Hamiltonian,
Hˆ ′ = λVˆ with λ a dimensionless parameter and Vˆ the
potential produced by randomly distributed static impu-
rities, and the field term HˆF = Hˆ1e
st with Hˆ1 = −eE · r
arises from the electric field adiabatically switched-on
from the remote past t = −∞. The infinitesimal pos-
itive s in HˆF can be taken to be the same as the s which
appears as a regularization factor in the T-matrix theory
of the semiclassical Boltzmann formalism (see the main
text). This is because the physical situation is obtained
by taking the limit s → 0+. We remind that a similar
note on the infinitesimal positive s has appeared in the
8derivation of Kubo-Streda linear response formula with
respect to the uniform static electric field [52].
The Kohn-Luttinger theory starts from Eq. (A2) in
the linear response regime where ρˆT = ρˆ + ρˆF . Here
ρˆ is the equilibrium value of the single-particle density
matrix, ρˆF is linear in the electric field and satisfies
ρˆF (t→ −∞) = 0. Kohn and Luttinger proceeded by
employing the ansatz ρˆF = fˆe
st, where fˆ = ρˆF (t = 0) is
independent of time. Then Eq. (A2) reduces to
d−ll′fll′ =
∑
l′′
(fll′′Hl′′l′ −Hll′′fl′′l′) + Cll′ (A3)
in the band-eigenstate representation of Hˆ0. Here Cll′ ≡[
ρˆ, Hˆ1
]
ll′
reads Cll′ = ieE ·
[
(∂k + ∂k′) ρll′ + [J, ρ]ll′
]
for
l 6= l′, and Cl = ieE ·
[
∂kρll + [J, ρ]ll
]
, where [J, ρ]ll′ ≡∑
l′′ (Jll′′ρl′′l′ − ρll′′Jl′′l′). Here rll′ = i
∂
∂k
δll′ + iJll′ and
Jll′ ≡ δkk′〈ul|∂k|ul′〉 are used.
The linear response of an observable A is thus
δA = tr
〈
fˆ Aˆ
〉
=
∑
l
〈fl〉All +
′∑
ll′
〈fll′〉Al′l, (A4)
Hereafter the notation
∑′
means that all the index equal-
ities should be avoided in the summation.
Equation (A3) can be split into
d−ll′fll′ =
′∑
l′′
(
fll′′H
′
l′′l′ −H
′
ll′′fl′′l′
)
+(fl − fl′)H
′
ll′ +Cll′
(A5)
for l 6= l′, and
− i~sfl =
∑
l′ 6=l
(
fll′H
′
l′l −H
′
ll′fl′l
)
+ Cl. (A6)
Here H ′ll, which is the first-order energy correction in the
bare quantum mechanical perturbation theory, has been
absorbed into H0, thus H
′
ll = 0 hereafter. In the case
of weak disorder-potential, an iterative analysis of Eqs.
(A5) and (A6) in terms of the parameter λ is possible.
Assuming sfl → 0 when s→ 0
+ is equivalent to assuming
that fl starts from the order of λ
−2 [2, 14, 51]. Then
an order-by-order analysis with respect to the disorder
potential follows:
fl = f
(−2)
l + f
(−1)
l + f
(0)
l + ...,
fll′ = f
(−1)
ll′ + f
(0)
ll′ + f
(1)
ll′ ...
(
l 6= l′
)
,
Cll′ = C
(0)
ll′ + C
(1)
ll′ + C
(2)
ll′ + ...
The superscript means the order of λ. The iterative so-
lutions are not repeated here. Then one gets the ex-
pressions for the off-diagonal elements in terms of the
diagonal ones [15], e.g.,
f
(−1)
ll′ =
f
(−2)
l − f
(−2)
l′
d−ll′
H ′ll′ ,
f
(0)
ll′ =
∑
l′′ 6=l,l′
H ′ll′′H
′
l′′l′
d−ll′
[
f
(−2)
l − f
(−2)
l′′
d−ll′′
−
f
(−2)
l′′ − f
(−2)
l′
d−l′′l′
]
+
f
(−1)
l − f
(−1)
l′
d−ll′
H ′ll′ +
C
(0)
ll′
d−ll′
,
and a transport equation which only concerns the diag-
onal elements. These equations are microscopic equa-
tions, and the required macroscopic equations are ob-
tained from them by disorder-averaging. In so do-
ing, Kohn and Luttinger assumed that fl does not
contain any physically important, rapidly varying ex-
ponential factors, thus in the thermodynamic limit〈
f
(−2)
l H
′
ll′
〉
=
〈
f
(−2)
l
〉〈
H ′ll′
〉
,
〈
H ′ll′′H
′
l′′l′f
(−2)
l
〉
=〈
H ′ll′′H
′
l′′l′
〉 〈
f
(−2)
l
〉
. Therefore, one can see that, only
when this assumption is true, the semiclassical distribu-
tion function and thus the Boltzmann formalism can be
defined. The validity of this vital assumption has been
confirmed by subsequent researches [51], but beyond the
scope of our study.
In the case of weak disorder-potential, the off-diagonal
response only concerns the lowest nonzero order of 〈fll′〉
(see below), while the analysis of diagonal response has
to go to higher orders in the perturbation expansion
of fl. In these higher-order contributions some trivial
renormalization effects appear [14, 15, 51], only giving
rise to negligible higher-order contributions in the weak
disorder-potential limit to AHE/SHE and UEE [4, 11].
The qualitatively and quantitatively important part of
the diagonal response of density matrix in the weak
disorder-potential regime is just the generalized semiclas-
sical Boltzmann equation.
2. Off-diagonal response
After disorder average, assuming
〈
H ′ll′
〉
= 0 one has〈
f
(−1)
ll′
〉
= 0 and
′∑
ll′
〈fll′〉Al′l =
′∑
ll′
〈
f
(0)
ll′
〉
Al′l =
′∑
ll′
C
(0)
ll′
Al′l
d−ll′
+
′∑
ll′l′′
〈
f
(−2)
l − f
(−2)
l′′
d−ll′′
−
f
(−2)
l′′ − f
(−2)
l′
d−l′′l′
〉 〈
H ′ll′′H
′
l′′l′
〉
Al′l
d−ll′
.
(A7)
Due to C
(0)
ll′ = ieE · Jll′ (ρl′ − ρl) and vll′δkk′ =
− 1
~
dll′Jll′ for l 6= l
′, we have
′∑
ll′
C
(0)
ll′
Al′l
d−ll′
= 2e
′∑
ll′
ρlIm
E · Jll′Al′l
dll′
= −2~e
′∑
ll′
ρlδkk′
ImE·〈ul|v|ul′〉Al′l
d2ll′
≡
∑
l
f0l δ
inAl, (A8)
9where ρl = f
0
l .
Besides, by interchanging the indices l, l′ and l′′ here
and there and some simple algebra, we find
′∑
ll′l′′
〈
H ′ll′′H
′
l′′l′
〉〈f (−2)l − f (−2)l′′
d−ll′′
−
f
(−2)
l′′ − f
(−2)
l′
d−l′′l′
〉
Al′l
d−ll′
=
′∑
ll′l′′
〈
f
(−2)
l
〉[〈H ′l′l′′H ′l′′l〉All′
d+ll′d
+
ll′′
+ c.c.
]
+
′∑
ll′l′′
〈
f
(−2)
l
〉 〈
H ′l′′lH
′
ll′
〉
Al′l′′
(
1
d+ll′′
−
1
d−ll′
)
1
d−l′′l′
=
′∑
ll′l′′
〈
f
(−2)
l
〉[
2Re
〈
H ′l′l′′H
′
l′′l
〉
All′
d+ll′d
+
ll′′
+
〈
H ′l′′lH
′
ll′
〉
Al′l′′
d+ll′′d
−
ll′
]
=
∑
l
〈
f
(−2)
l
〉
δsjAl, (A9)
where δsjAl coincides with Eq. (3).
Summarizing the contents of this subsection, we proved
in the weak disorder-potential regime and linear response
regime
′∑
ll′
〈fll′〉Al′l =
∑
l
f0l δ
inAl +
∑
l
〈
f
(−2)
l
〉
δsjAl. (A10)
Here
〈
f
(−2)
l
〉
is just the conventional nonequilibrium dis-
tribution function obtained in the lowest Born approxi-
mation. This equation confirms what was obtained semi-
phenomenologically previously in the Boltzmann formal-
ism [9].
Appendix B: Scattering off pairs of impurities
In the modern semiclassical Boltzmann theory de-
veloped in studying the AHE, the anti-symmetric part
ω4all′ ≡
1
2
(
ω
(4)
ll′ − ω
(4)
l′l
)
of the fourth-order scattering
rate ω
(4)
ll′ was calculated only within the noncrossing ap-
proximation, giving rise to the intrinsic-skew-scattering-
induced anomalous quantum contribution [4]. Here we
show that the crossing part also contributes to the
anomalous quantum contribution. Both the noncrossing
and crossing contributions arise from scattering off pairs
of impurity centers [42].
Starting from [41]
ω4all′ = −
2π
~
δ (dll′ )
′∑
l′′,l′′′
[
Im 〈Vll′′′Vl′′′l′Vl′l′′Vl′′l〉 Im
1
d−ll′′d
+
ll′′′
+Im 〈Vll′Vl′l′′Vl′′l′′′Vl′′′l〉 Im
1
d−ll′′d
−
ll′′′
+Im 〈Vll′′′Vl′′′l′′Vl′′l′Vl′l〉 Im
1
d+ll′′d
+
ll′′′
]
,
we get
ω4all′ = −
(2π)
2
~
δ (dll′)
′∑
l′′,l′′′
δ (dll′′ )
dll′′′
[
Im 〈Vll′′′Vl′′′l′Vl′l′′Vl′′l〉
+Im 〈Vll′Vl′l′′Vl′′l′′′Vl′′′l〉+ Im 〈Vll′Vl′l′′′Vl′′′l′′Vl′′l〉
]
,
where the l, l′ and l′′ states are on-shell, whereas the l′′′
state may be off–shell. When taking the average over dis-
order configurations, there exist some different possibili-
ties: the non-Gaussian contribution from o
(
V 4
)
disorder
correlation [39–41], the Gaussian non-crossing [13] and
crossing [42] contributions. For the noncrossing Gaus-
sian contribution, one can find that an interband off-shell
scattering is contained in each term. While for crossing
Gaussian contribution, the interband off-shell scattering
may be present or not. To be more specific, we present
the expressions for ω4all′ in the smooth scalar disorder-
potential limit. In this limit, the two momenta linked by
the disorder potential are close to each other thus
Vll′ = Vkk′
[
δηη′ +
(
k′µ − kµ
)
Jηη
′
µ (k)
+
1
2
(
k′µ − kµ
) (
k′ν − kν
)
Jηη
′
µν (k) + ...
]
,
where Jηη
′
µ (k) = 〈uηk|∂kµ |uη′k〉 and J
ηη′
µν (k) =
〈uηk|∂kν∂kµ |uη′k〉. The Einstein summation convention
is used hereafter for the indices µ, ν. For real elas-
tic process there must be η = η′ in the smooth scalar
disorder-potential limit in non-degenerate multiband sys-
tem. When taking the disorder average, we only consider
Gaussian disorder. The noncrossing part contributes
ω4a−ncll′ =
(
2πnimV
2
0
)2
2~
(
k× k′
)
µν
δη′ηδ (dll′)
×
′∑
l′′,l′′′
δη′′ηδ (dll′′ )
dll′′′
(δk′′k′′′ + δk′k′′′ + δkk′′′)
× Im
[
Jηη
′′′
µ (k)J
η′′′η
ν (k)
]
.
Thus an interband off-shell scattering (η′′′ 6= η) is
unavoidable in each term of the noncrossing intrinsic-
skew-scattering-induced anomalous quantum contribu-
tion [13, 18]. For the crossing coherent-skew-scattering-
induced anomalous quantum contribution [42], we get
ω4a−cll′ = −
(
2πnimV
2
0
)2
2~
δη′ηδ (dll′ )
′∑
l′′,l′′′
δη′′ηδ (dll′′ )
dll′′′
×
(
k× k′ + k′ × k′′ + k′′ × k
)
µν
×
(
δk+k′=k′′+k′′′ + δk+k′′=k′+k′′′ + δk+k′′′=k′′+k′
)
×
{
Im
[
Jηη
′′′
µ (k)J
η′′′η
ν (k)
]
− δη′′′ηΩµν (k)
}
,
which contains both intraband (η′′′ = η) and interband
(η′′′ 6= η) terms. Ωµν (k) is the momentum-space Berry
curvature. In fact, this expression was already obtained
by Luttinger sixty years ago [15].
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Appendix C: Calculation details
1. Boltzmann calculation
For identical pointlike scalar impurities in model
(4) the conventional skew scattering from o
(
V 3
)
non-
Gaussian disorder vanishes due to ω3all′ = 0 [41], then
the skew scattering induced by the o
(
V 4
)
non-Gaussian
correlation
〈
V 4
〉
c
= nimV
4
0 plays an important role in
the dilute limit [39–41]. The nonequilibrium distribution
function responsible for this o
(
V 4
)
skew scattering reads
[41] gskη (ǫ) =
(
−∂ǫf
0
)
(zˆ× eE) · v0ητ
sk
η (ǫ) with
τskη (ǫ) = −τ
(
mV0
~2
)2 ηǫIǫR (ǫ2I + 2ǫRǫ)
2π∆¯2 (ǫ)
(
ǫ2I + ǫRǫ
) ln k− (ǫ)
k+ (ǫ)
,
then the corresponding nonequilibrium spin-polarization
δskS =
∑
l g
sk
l S
0
l takes the form
δskS = −eαRD0
~D0
nim
ǫIǫRǫF ln
(
k−/k+
)
∆¯
(
ǫ2I + ǫRǫF
) Eyyˆ.
Here τ
(
mV0
~2
)2
= 2π~D0/nim is used. From this partic-
ular model case, one can extract a generic information
that the skew scattering contribution due to the o
(
V 4
)
non-Gaussian disorder correlation is characterized by a
relaxation time of scale τ
(
mV0
~2
)2
.
However, in usual case the o
(
V 3
)
skew scattering is
nonzero and dominates the skew scattering contribution.
The peculiar property of model (4) with scalar short-
range disorder in the case of both subbands partially
occupied thus makes it inconvenient to extract general
insights.
As for the disorder model chosen in the main text, we
obtain (l = (η,k) = (η, ǫ, φ))
ωall′ = −
1
τ
mV0
~2
ηη′ sin
(
φ′ − φ
)
2D0
α2Rkη (ǫ) kη′ (ǫ)
∆η (ǫ)∆η′ (ǫ)
δ (dll′ )
for the o
(
V 3
)
skew scattering contribution. Substitut-
ing ωall′ into the Boltzmann equation and following the
general recipe given in Ref. [41], we get
τskη (ǫ) = −τ
mV0
~2
ηǫR
(
ǫ2I + ǫRǫ
) (
ǫ2I + 2ǫRǫ
)
∆¯ (ǫ)
(
ǫ2I + 3ǫRǫ
)2 .
Thus δskS =
∑
l g
sk
l S
0
l is given by
δskS = −eαRD0τ
mV0
~2
ǫRǫF
(
ǫ2I + ǫRǫF
)
(
ǫ2I + 3ǫRǫF
)2 Eyyˆ.
2. Kubo calculation
Some expressions needed in Sec. III. A. 2. are pre-
sented here:
fin+AQ
(
I1, τiI2, I
2
2
)
≡
2τiI2
(1 + I1)
2
+ (iI2)
2 ,
fUEEsk
(
I1, I
2
2
)
≡
(
1 + I1
(1 + I1)
2 + (iI2)
2 − 1
)
×
(
2
1 + I1
(1 + I1)
2
+ (iI2)
2 − 1
)
− 2
(
iI2
(1 + I1)
2
+ (iI2)
2
)2
,
and fL
(
I1, I
2
2
)
≡ 1 + ǫR
ǫF
− 2 ǫR
ǫF
1−I21−(iI2)
2
(1+I1)
2+(iI2)
2 .
For the anomalous Hall conductivity, we get σbxy =
e2
π~
ǫR
~
τiI2, σ
l
xy =
e2
π~
2ǫR
~
fin+AQ
(
I1, τiI2, I
2
2
)
and σskxy =
− e
2
π~
ǫR
~
τ mV0
~2
fAHEsk
(
I1, I
2
2
)
, where
fAHEsk
(
I1, I
2
2
)
≡
(
1− I21 − (iI2)
2
(1 + I1)
2
+ (iI2)
2
)2
−
(
2iI2
(1 + I1)
2
+ (iI2)
2
)2
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